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Abstract
A spin-space extension is reviewed, which provides information on the standard model. Its deﬁning feature is a
common matrix space that describes symmetries and representations, and leads to limits on these, for given dimension.
The model provides additional information on the standard model, whose interpretation requires an interactive formu-
lation. Within this program, we compare the model’s lepton-W generated interactive Lagrangian in (5+1)-dimensions,
and that of the standard model. We derive the conditions for this matching, which apply to other Lagrangian terms.
We also discuss the advantages of this extension, as compared to others.
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1. Introduction
1.1. Background
The standard model is the theory that describes the
key elements of nature, also one of the most successful
theories and, at the same time, which presents the great-
est enigmas in modern physics. Although the model
correctly describes the elementary particles, it is phe-
nomenological. On the one hand, the fermion repre-
sentations have been established, as well as their clas-
siﬁcation in generations, and the forces acting between
these particles, which deﬁne the vector bosons transmit-
ting these interactions. On the other hand, the origin of
the speciﬁc types of representations and forces that na-
ture has chosen is not known. In particular, we do not
know why matter consists of leptons and quarks, nor the
reason for the interaction groups UY (1)×SUL(2)×SU(3)
and related particles: the Z boson carries the hyper-
charge, is associated to the group UY (1), and applies to
all particles; the W bosons are associated to the SU(2)L
group and act on left-chirality particles; gluons pro-
duce the strong interaction, derive from the color group
SU(3), and act only upon the quarks. The origin of this
behavior is unknown. Finally, we need a more funda-
mental reason for the existence of the scalar particle that
is suggested in recent experiments[1, 2], the Higgs, and
which gives mass to particles. This ignorance is also
reﬂected in the relative large number of parameters re-
quired by the model, of the order of twenty, as the parti-
cle masses and charges, which are ﬁxed experimentally.
By the nature of the standard model, it is understood
that by itself, it will never explain these unknowns and
that, therefore, we need to investigate options beyond it.
Great insights have been reached throughout the his-
tory of Physics by the discovery of connections between
phenomena. Traditional examples include Newton’s
connection of the Moon’s movement with the fall of
an object on Earth, through gravity, and Maxwell’s un-
derstanding of light as an electromagnetic phenomenon,
obtained from wave solutions in his equations, and the
speed of light built in terms of the relative permittivity
and magnetic permeability of the vacuum. Furthermore,
advances in the understanding of elementary particles
have been obtained from a framework that assumes uni-
ﬁcation and/or symmetry of the above physical quanti-
ties that characterize them. Indeed, the successes of the
past include the chiral-symmetry assumption, involved
in the generation of hadron masses; supersymmetry, a
hypothesis currently under investigation, explains sym-
metry breaking at the low-energy electroweak scale, and
creates the masses of the known elementary particles.
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A partial but practical description of the fundamental
physical elements that participate in the modern uniﬁca-
tion ideas consists of particles, classiﬁed as bosons and
fermions; spin and space as their associated attributes;
and ﬁnally, their interactions, as described within gen-
eral relativity and the standard model. These are the key
elements to investigate. Before introducing this paper’s
proposal, we brieﬂy review some standard-model exten-
sions:
1.2. Kaluza-Klein and grand-uniﬁcation theories
A promising uniﬁcation is the idea of Kaluza-Klein,
who proposed extra spatial dimensions[d], beyond 3 +
1, to be associated with gauge symmetries. In the case
of grand-uniﬁcation theories in their application to the
standard model, there are restrictions on the standard-
model U(1)Y× SU(2)L×SU(3) gauge groups, as well as
on the representations and coupling-constant values.
1.3. Quasi-particles
This idea, originated by Landau, suggests that it is
possible to achieve an adequate description of inter-
active particles, if one manages to describe their ef-
fective degrees of freedom in an appropriate way. To
ﬁrst order, it would be possible to consider particles
as free, while parameters such as mass would be mod-
iﬁed. The search for these degrees of freedom rep-
resents one of the main objectives in studies in areas
that engage many-particle systems, with quantum be-
havior, such as nuclear physics and superconductivity.
Indeed, in the area of elementary particles, Nambu and
Jona-Lasinio[3] described an interactive model within
the framework of ﬁeld theory, inspired by superconduc-
tivity, and which leads to masses of composite particles,
from an assumed interaction. The lesson is that ﬁnding
the correct degrees of freedom may hold the clue to gain
insight into the standard model.
1.4. Extended-spin model
As for the actual description of the elementary parti-
cles, we concentrate on their degrees of freedom. Par-
ticles and interactions obey Lorentz and scalar symme-
tries, global and local, and are described with non-trivial
discrete quantum numbers. While the space degree of
freedom is common to all elementary particles, the dis-
crete degrees of freedom associated with the fundamen-
tal representations are more elementary insofar as they
can be used to build the others. Spin is a physical man-
ifestation of the representation of the Lorentz group. In
relation to space, spin maintains this role since the ﬁrst
uses the vector representation, and can be constructed
in terms of the second. Other similar investigations un-
derscore the spin degree of freedom in the extensions of
the standard model (see, e. g., Refs. [4, 5, 6]). The fact
that the known fermions participate in the fundamen-
tal representation of the Lorentz and gauge groups, and
that the gauge bosons, the interaction carriers, belong
to the adjoint representation of these groups, suggests a
common description[7]. Indeed, such similarities and
the presence of symmetry suggests a uniﬁed descrip-
tion, i.e., an elementary space for the discrete degrees
of freedom: Lorentz and scalar. In fact, there are sim-
ilar common requirements that emerge from the quan-
tum description and quantization of particles and inter-
actions, such as the restrictions on representations from
unitarity.
The extended-spin model, just as the idea of Kaluza-
Klein, assumes a common space for the spin and scalar
degrees of freedom. While the idea of mixing these is
tempting, the Coleman and Mandula theorem[8] pro-
hibits a non-trivial mixing. Obeying this restriction
means that the resulting scalar generators commute with
the Lorentz ones, which is equivalent to the require-
ment that these two elements be described as direct
products. However, a simple classiﬁcation of spaces is
permitted with symmetries as the chiral one, and this
leads to limitations in the elements that can be obtained
within the space, which ultimately, gives information,
for example, on representations and interactions. New
information is derived as constraints on the chirality
of the interactions and representationss[7, 9, 10], the
coupling constants[7, 10, 11], connections among the
standard-model particle masses[11], and a fermion hi-
erarchy eﬀect[12].
The spin-extended model can be interpreted within
the Kaluza-Klein framework, as a result that the addi-
tional spatial dimensional components are frozen. Con-
ceptually, the construction of the model in terms of ma-
trices comes from incremental direct products with 2×2
matrices, suggesting the discrete Hilbert space consid-
ered is made from elementary degrees of freedom (e. g.,
q-bits or particles of spin 1/2).
A ﬁeld theory can be equivalently formulated in terms
of such degrees of freedom. Work on that direction was
carried out on Ref. [12]. In this paper, after introducing
the spin-extended model by presenting its landmarks,
we examine in detail its formulation within a standard
Lagrangian, using representation ﬁelds and symmetries
that derive from it; in particular, we look at a speciﬁc
vertex and study its connection to a standard formula-
tion. This complements Ref. [12], which also deals
with this connection, with a general analysis of the
ﬁelds’ construction, various vertices, and symmetry im-
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plementation. Here we examine the W-fermion interac-
tion term derived from (5+1)-d, making a detailed de-
scription of its Lagrangian, with further analysis of the
projection operator involved, allowing for this equiva-
lence. In particular, we focus on its coeﬃcients and
phases, extending previous work [11, 13, 12]. The di-
mension N = 4 case was analyzed in Refs. [7, 9], N = 6
in [7], [9], [11], N = 8 partially in [12], and N = 10 in
[10].
The paper is organized as follows: In Section 2, we
review the construction of the proposed extended-spin
space, based on a matrix space. For this purpose, we
present as example a massless Hamiltonian. A Cliﬀord
algebra helps in the classiﬁcation of both operators and
states. Under the demand that the Lorentz symmetry be
maintained, scalar degrees of freedom emerge, associ-
ated to global and gauge symmetries. The matrix space
restrains the allowed representations. In Section 3, we
use as example lepton and electroweak ﬁelds, expressed
in the (5+1)-d space; in Section 4, their the gauge-
invariant SU(2)L × U(1)Y interactive theory is formu-
lated, and its Lagrangian compared with the standard
one. We concentrate on the W-lepton vertex contribu-
tion; we ﬁnd the correct phases and coeﬃcients in a pro-
jection operator that allow for this equality. In Section
5, we summarize relevant points in the paper.
2. Gamma-matrix symmetry classiﬁcation
In this section, we summarize the main points in the
classiﬁcation of states and symmetries. More details
may be found in Ref. [12]. A massless Dirac equa-
tion formulated over the matrix Ψ (and corresponding
conjugate equation)
iγ0∂μγμΨ = 0, (1)
may be used as framework for the classiﬁcation of states
and operators in an extended space,1 and study sym-
metry transformations. It also generates free-particle
fermion and bosons on the extended space. Appropri-
ate transformation operators U acting on ﬁeld states Ψ
can generically be characterized by the expression
Ψ→ UΨU†. (2)
for both Lorentz and scalar symmetries. In the mas-
sive case, some symmetries are broken, leading to
eﬀects as fermion-mass hierarchy generation, treated
elsewhere[12].
1We assume throughout  = c = 1, and 4-d diagonal metric ele-
ments gμν = (1,−1,−1,−1).
The dot product between the elements Ψa, Ψb can be
deﬁned using the trace
tr Ψ†aΨb. (3)
An operator Op within this space characterizes a state
Ψ with the eigenvalue rule
[Op,Ψ] = λΨ, (4)
consistent with the hole interpretation, and anticipat-
ing a second-quantization description. For example,
a boson may be constructed by two fermion compo-
nents with positive frequencies ψ1(x), ψ¯2(x) through
ψ1(x)ψ¯2(x), with ψ¯2(x) describing an antiparticle.
Eq. 1, keeping μ = 0, ..., 3, is assumed within the
larger Cliﬀord algebra, here also understood as a matrix
space: {γη, γσ} = 2gησ, η, σ = 0, ...3, 5, ...,N, with N
the (assumed even) dimension, whose structure is help-
ful in classifying the available symmetries U, and solu-
tions Ψ, both represented by 2N/2 × 2N/2 matrices. The
4-d Lorentz symmetry is maintained, and uses the gen-
erators
σμν =
i
2
[γμ, γν], (5)
where μ, ν = 0, ..., 3. U contains also γa, a = 5, ...,N,
and their products as possible symmetry generators. In-
deed, the latter elements are scalars for they commute
with the Poincare´ generators, which contain σμν, and
they are also symmetry operators of the massless Eq. 1,
bilinear in γμ, μ = 0, ..., 3 which is not necessarily the
case for mass terms (containing γ0). In addition, their
products with
γ˜5 = −iγ0γ1γ2γ3 (6)
are Lorentz pseudoscalars, as [γ˜5, γa] = 0.
The operator algebra was described in Refs. [10]
and [13]. In accordance with the above symmetry gen-
erators that emerge from the Cliﬀord algebra CN , for
given dimension N, any matrix element representing a
state is obtained by combinations of products of one or
two γμ, and elements of the algebra generated by γa,
a = 5, ...,N, which deﬁne, respectively, their Lorentz
(as for 4-d) and scalar-group representation SN−4. A 4-d
Cliﬀord matrix subalgebra is obtained, implying spinor
up to bi-spinor elements, thus vectors and scalar ﬁelds,
can be described. There is a ﬁnite number of partitions
on the matrix space for the states and symmetry oper-
ators, consistent with Lorentz symmetry. These vari-
ations are deﬁned by a projection operators PP with
[PP,PS ] = 0; PP acts on the Lorentz generator
PP[12σμν + i(xμ∂ν − xν∂μ)], (7)
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and PS on the symmetry operator space leading to pro-
jected scalar generators Ia = PS Ia, so that they de-
termine, respectively, the Poincare´ generators and the
scalar groups.
The application of these operators follows the oper-
ator rule in Eq. 4, which assigns states to particular
Lorentz and scalar group representations. For simplic-
ity, we assume PP = PS  1, as other possibilities are
less plausible[10]. Thus, the Lorentz or scalar opera-
tors act trivially on one side of solutions of the form
Ψ = PPΨ(1 − PP), since (1 − PP)PP = 0, leading to
spin-1/2 states or states belonging to the fundamental
representation of the non-Abelian symmetry groups, re-
spectively.
In Figure 1(a), presented also in Ref. [12], we show
schematically the organization of the symmetry opera-
tors, producing corresponding Lorentz and scalar gen-
erators. Fig. 1(b) also depicts the resulting solution
representations, distributed according to their Lorentz
classiﬁcation: fermion, scalar, vector, and antisymmet-
ric tensor. The matrices are classiﬁed according to
the chiral projection operators 12 (1 ± γ˜5), leading to
N/2×N/2 matrix blocks in CN . The space projected by
PP = PS  1 is also depicted. Speciﬁc combinations
also emerge, corresponding to spin-1/2-fundamental
and vector-adjoint, Lorentz and scalar groups represen-
tations, respectively; graphically, scalar-group elements
and vectors occupy the same matrix spots.
In the next Section, we generalize these ﬁelds.
3. (5+1)-dimensional representations
We review the (5+1)-dimensional representations,
which reproduce a standard-model lepton electroweak
sector[11]; one of its coupling terms will be analyzed in
the next Section.
3.1. Fields’ construction
As derived in Section 2, it is possible to write funda-
mental ﬁelds using as basis matrix products conformed
of Lorentz and scalar group representations. Indeed, the
commuting property of the respective degrees of free-
dom allows for states and operators to be written as a
product of matrices belonging to the 4-d C4, and matri-
ces withinSN−4 projected byPS ; explicitly,Ψ = M1M2,
where
M1 ∈ C4 and M2 ∈ PSSN−4. (8)
An expression with elements of each set is possible
through their passage to each side, using commutation
or anticommutation rules.
In the presence of interactions, free ﬁelds as gener-
ated by Eq. 1, give way to more general expressions
of interactive fermion and boson ﬁelds, keeping their
transformation properties:
Vector ﬁeld
Aaμ(x)γ0γ
μIa, (9)
where γ0γμ ∈ C4, Ia ∈ PSSN−4 is a generator of a given
unitary group, according to the projection operator PS .
Fermion ﬁeld
ψaα(x)L
αPFMFa , (10)
where MSa ,M
F
a ∈ PSSN−4 are, respectively, scalar and
fermion components, and Lα represents a spin compo-
nent; for example, L1 = (γ1 + iγ2), PF is a projection
operator of the type in Eq. 7, such that
PFγμ = γμPcF , (11)
and we use the complement PcF = 1 − PF , so that
a Lorentz transformation with PFσμν, will describe
fermions, as argued in Section 3; the simplest example
for an operator satisfying such conditions is PF = (1 −
γ˜5)/2 [7, 9], used by the fermion doublet on Table 1 (see
below.) By the argument after Eq. 7, the fundamental-
representation state is derived from the trivial right-hand
action of the operator within the transformation rule in
Eq. 11. This means the matrix entitles spurious ket
states contained in the Lorentz-scalar term M2 in Eq.
8.
For the (5+1)-dimensional space, among few choices,
PP = L, with L = 34 − i4 (1 + γ˜5)γ5γ6 − 14 γ˜5 is associ-
ated to the lepton number, and the resulting symmetry
generators and particle spectrum ﬁts the standard-model
electroweak sector. Speciﬁcally, the projected symme-
try space also includes the SU(2)L ×U(1)Y groups, with
respective generators Ii and hypercharge Y
I1 =
i
4
(1 − γ˜5)γ5
I2 = − i4(1 − γ˜5)γ
6
I3 = − i4(1 − γ˜5)γ
5γ6
Y = −1 + i
2
(1 + γ˜5)γ5γ6. (12)
We note that the SU(2) generators correctly contain the
projection operator 12 (1 − γ˜5), conﬁrming the interac-
tion’s chiral nature, which also leads to chiral represen-
tations, a feature that results from nature of the matrix
space under projector L and the Lorentz group.
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(*)
S(N−4)R × C4
S(N−4)L × C4
(a)
(*) F F
V
V
F
F
S , A
S , A
(b)
Figure 1: (a) shows the arrangement of symmetry operators U in matrix space of arbitrary dimension N, after projection over SP, with left-handed
and right-handed operators subspaces[10]; (*) represents the matrix subspace containing the projector 1 − PS = 1 − PP; its choice within the
right-handed symmetry components is arbitrary. (b) shows the arrangement of matrix solutions Ψ in the extended-spin model is divided into four
N
2 × N2 matrix blocks, containing fermion (F), vector (and axial-) (V), and scalar (and pseudo-), and antisymmetric (S,A) terms.
A state basis is presented on Table 1, that contains
lepton, as well as scalar and electroweak vector compo-
nents; W and Z components are shown, where the latter
normalizations require relative coupling-constant g and
g′
2 factors, respectively. Within Eq. 4, the action of these
operators on choices of states Ψ produce their quantum
numbers, also represented. For fermions and vectors,
the second spin component may be obtained from the
ﬁrst by ﬂipping the spin; e. g., ν2L = [L(γ2γ3−iγ3γ1), ν1L].
Ref. [11] set thumb rules to derive some gauge-
invariant terms, identifying elements between the
extended-spin space and standard Lagrangian terms.
Ref. [12] formally translated the ﬁeld information that
emerges from the extended-spin space, to derive an in-
teractive gauge theory. Next, we show for the lepton-
W vertex the workings of the equivalence between the
extended-spin model and the standard Lagrangian for-
mulation.
4. Fermion-W electroweak Lagrangian
The ﬁelds within the extended-spin basis can be used
to construct a standardly-formulated Lagrangian. This
amounts to using elements with a well-deﬁned group
structure to get Lorentz-scalar gauge-invariant combi-
nations. Choosing scalar elements that result from the
direct product in Eq. 3, one obtains an interactive the-
ory, as the same particle content is maintained.
Indeed, a gauge-invariant fermion-vector interaction
term results, constructing matrix elements containing
the vector ﬁeld, together with fermion, with input from
Eqs. 9-10, by taking the trace. Invariant elements are
obtained adding to the fermion free Lagrangian (that
implies the Dirac equation 1) the vector contribution in
Eq. 9. The latter extracts the identity-matrix coeﬃcient,
leading to the usual Lagrangian components. A general
fermion-vector component is
1
Nf
trΨ†{[i∂μIden + gAaμ(x)Ia]γ0γμ − Mγ0}ΨPf , (13)
where Ψ is a ﬁeld representing in this case spin-1/2 par-
ticles. Ia is the group generator in a given representa-
tion, g is the coupling constant, Nf contains the normal-
ization (and similar terms below), and Iden the identity
scalar group operator in the same representation (which
will be omitted hence). M is generally a mass oper-
ator whose restrictions provide information on fermion
masses[11], [12]. The operator Pf is introduced to avoid
cancelation of non-diagonal fermion elements. Such an
operator is necessary because of spurious left ket com-
ponents of fermions in Ψ. For example,
Pf =
1√
2
(γ˜5 − γ0γ1) (14)
as [Pf , L] = [Pf , (1 − γ˜5)L] = 0, provides a non-trivial
combination with the correct quantum numbers for the
fermion pairΨaP fΨ
†
b (withΨa,Ψb either doublet or sin-
glet fermions, on Table 1), and maintains their normal-
ization, spin, lepton and electroweak representation.
The invariance under transformations in Eq. 2 can
be veriﬁed independently, using the separation in Eq.
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Electroweak
multiplets
States Ψ I3 Y Q L i2Lγ
1γ2 Lγ˜5
Fermion
doublet
ν1L =
1
8 (1 − γ˜5)(γ0 + γ3)(γ5 − iγ6)
ν2L =
1
8 (1 − γ˜5)(γ0 − γ3)(γ5 − iγ6)
e1L =
1
8 (1 − γ˜5)(γ0 + γ3)(1 + iγ5γ6)
e2L =
1
8 (1 − γ˜5)(γ0 − γ3)(1 + iγ5γ6)
1/2
1/2
−1/2
−1/2
−1
−1
−1
−1
0
0
−1
−1
1
1
1
1
1/2
−1/2
1/2
−1/2
−1
−1
−1
−1
Fermion
singlet
e1R =
1
8 (1 + γ˜5)γ
0(γ0 + γ3)(γ5 − iγ6)
e2R =
1
8 (1 + γ˜5)γ
0(γ0 − γ3)(γ5 − iγ6)
0
0
−2
−2
−1
−1
1
1
1/2
−1/2
1
1
Scalar doublet
1
4
√
2
(1 − γ˜5)γ0(1 − iγ5γ6)
1
4
√
2
(1 − γ˜5)γ0(γ5 + iγ6)
1/2
−1/2
1
1
1
0
0
0
0
0
−2
−2
Vector singlet
1
2
√
2
γ0(γ1 + iγ2)Y
1
2γ
0γ3Y
1
2
√
2
γ0(γ1 − iγ2)Y
0
0
0
0
0
0
0
0
0
0
0
0
1
0
−1
0
0
0
Vector triplet
1
8 (1 − γ˜5)γ0(γ1 + iγ2)(γ5 − iγ6)
1
4
√
2
(1 − γ˜5)γ0(γ1 + iγ2)γ5γ6
1
8 (1 − γ˜5)γ0(γ1 + iγ2)(γ5 + iγ6)
1
0
−1
0
0
0
1
0
−1
0
0
0
1
1
1
0
0
0
Table 1: Massless fermion and boson states in (5+1)-d extension, momentum along ±zˆ, with projection given by the lepton number PP = L,
under the operators SU(2)L I3 component, hypercharge Y , charge Q = I3 + 12Y , lepton operator L, spin projection
i
2 Lγ
1γ2, and chirality Lγ˜5 (the
coordinate dependence is omitted.)
8 into Lorentz and scalar symmetries; under Lorentz
and gauge-group transformations of the extended-spin
space[12]. Eq. 13 is invariant under the Lorentz trans-
formation, provided the vector ﬁeld transforms as
Aaμ(x)Ia → Δ νμ Aaν(x)Ia, (15)
where we use the identity relating the spin representa-
tion of the Lorentz group in
UγμU−1 = (Δ−1)μ νγν, (16)
and Δμ ν is a 4 × 4 Lorentz matrix transforming coor-
dinates as xμ → Δμ νxν. The equation is also invariant
under the local transformation, under the condition the
vector ﬁeld transforms as
Aaμ(x)Ia → UAaμ(x)IaU† −
i
g
(∂μU)U†, (17)
Thus, the fermion-vector Lagrangian in Eq. 13 with
the ﬁelds on Table 1, leads to the fermion electroweak
standard-model Lagrangian contribution[14, 15], also
derived heuristically in Refs. [11] and [13],
Ψ¯l[i∂μ +
1
2
gτaWaμ(x) −
1
2
g′Bμ(x)]γμΨl +
ψ¯r[i∂μ − g′Bμ(x)]γμψr, (18)
which contains a left-handed hypercharge Yl = −1
SU(2) doublet
Ψl(x) =
(
νL(x)
eL(x)
)
, (19)
with two polarization components as, e. g.,
νL(x) =
(
ψ1νL(x)e
ipνL1(x)
ψ2νL(x)e
ipνL2(x)
)
, (20)
and we choose polar coordinates; a right-handed Yr =
−2 singlet ψr, with likewise notation, and the corre-
sponding gauge-group vector bosons and coupling con-
stants, Bμ(x), Waμ(x), and g, g
′, respectively.
In the following, we justify Pf in Eq. 14, showing
the equivalence of the spin-extended W-fermion vertex
containing the operator Wiμ(x)γ0γ
μ (the 12g factor hence
omitted), within Eq. 13, in comparison to the conven-
tional expression in Eq. 18.
The (5+ 1)−d space allows for charge 0 and −1 com-
ponents, associated to lepton (neutrino and electron)
ﬁelds
ΨlL(x) =
∑
α
(
ψανL(x)e
ipνLα(x)ναL
ψαeL(x)e
ipeLα(x)eαL
)
, (21)
ΨeR(x) =
∑
α
ψαeR(x)e
ipeRα(x)eαR, (22)
and the spinor-lepton components shown in Table 1 (see
notation). The conventional states are assumed real and
obtained within the γμ-Dirac representation. We also
choose polar coordinates for the components to pinpoint
phase eﬀects.
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The relevant (5+1)-d projection terms are
Pf = g˜5γ˜5 + gI I + g01γ0γ1 + g02γ0γ2 +
g03γ0γ3 + g12γ1γ2 + g13γ1γ3 + g23γ2γ3 +
(g5˜56γ˜5 + gI56I + g0156γ
0γ1 + g0256γ0γ2 + g0356γ0γ3 +
g1256γ1γ2 + g1356γ1γ3 + g2356γ2γ3)γ5γ6. (23)
For the extended-spin model with ΨlL(x), the coeﬃ-
cient of the e1L associated term (ψ
1
L(x))
2 is
(A − B)[W30 (x) −W33 (x)]
A = 12 (gI + g5˜ − ig5˜56 − ig56)
B = − 12 (g03 − ig12 − ig0356 − g1256).
For the conventional term with Ψl(x), the e1L coeﬃ-
cient is
1
2 [W
3
0 (x) −W33 (x)].
For the extended-spin model with ΨlL(x), the coeﬃ-
cient of the eL2 associated term (ψ2eL(x))
2 is
(A + B)[W30 (x) +W
3
3 (x)].
For the conventional term with Ψl(x), the e2L coeﬃ-
cient is
1
2 [W
3
0 (x) +W
3
3 (x)].
We conclude the choice A = 1/2, B = 0 equates the
two expressions. Given the expressions for A, B, there is
some freedom in the coeﬃcients gi choice. These terms
do not provide phase information, unlike cross terms:
Indeed, for the extended-spin model with ΨlL(x), the
ν1L e
2
L coeﬃcients of the associated term ψ
1
νL(x)ψ
2
eL(x)
are presented for each Wiμ(x):
W11 (x)
− 12 ie−i(peL2(x)+pνL1(x))
[
C
(
e2ipeL2(x) + e2ipνL1(x)
)
+
D
(
e2ipνL1(x) − e2ipeL2(x)
)]
W22 (x)
− 12 ie−i(peL2(x)+pνL1(x))
[
C
(
e2ipeL2(x) + e2ipνL1(x)
)
+
D
(
e2ipνL1(x) − e2ipeL2(x)
)]
W21 (x)
1
2e
−i(peL2(x)+pνL1(x))
[
C
(
e2ipeL2(x) − e2ipνL1(x)
)
−
D
(
e2ipνL1(x) + e2ipeL2(x)
)]
W12 (x)
1
2e
−i(peL2(x)+pνL1(x))
[
−C
(
e2ipeL2(x) − e2ipνL1(x)
)
+
D
(
e2ipνL1(x) + e2ipeL2(x)
)]
,
where C = g01 − ig23 − ig0156 − g2356
D = −ig02 + g13 − g0256 − ig1356.
For the conventional term with Ψl(x), the ν1L e
2
L coef-
ﬁcient is
1
2
e−i(peL2(x)+pνL1(x))
[
i
(
e2ipeL2(x) + e2ipνL1
)
(W11 (x) +W
2
2 (x))+(
e2ipeL2(x) − e2ipνL1(x)
)
(W12 (x) −W21 (x))
]
.
We conclude the choice C = −1, D = 0 matches both
terms.
While the expression in Eq. 14 is consistent with the
above A, B, C, D values (with overall factor linked to
the normalization Nf in Eq. 13), we highlight that a
freedom exists for other Pf choices.
Finally, this comparison was carried out under a γ-
matrix choice that leads to a basis as in Eqs. 19, 20. This
required ﬁxing the phases, to complete the identiﬁcation
of states. The phases are given as (to be put on Table 1
states): e1L → −ie1L and e2L → −ie2L. One can check that
this solution ﬁts all other terms.
5. Conclusions
This paper dealt with translating a previously pro-
posed standard-model extension, the spin-extended
model, to a Lagrangian formalism, showing the corre-
spondence of its generated Lagrangian with that of the
standard model, making a speciﬁc comparison with one
of its components. The ﬁnal objective is to use the
model’s restrictions to obtain standard-model informa-
tion.
We ﬁrst made a brief introduction to the model, high-
lighting its main features, and quoting relevant infor-
mation it generated in previous references. A matrix
space is used in which both symmetry generators and
ﬁelds are formulated. For given dimension, a chosen
non-trivial projection operator PP constrains the ma-
trix space, determining the symmetry groups, and the
arrangement of fermion and boson representations. In
particular, spin-1/2, and 0 states are obtained in the
fundamental representation of scalar groups and spin-
1 states in the adjoint representation. After expressing
ﬁelds within this basis, a gauge-invariant ﬁeld theory is
constructed, based on the Lorentz and obtained scalar
symmetries.
In comparison with Ref. [12], in which formal steps
were carried out that relate the spin-extended model
with the standard model, here we examine in detail two
associated Lagrangian expressions, and extract informa-
tion on the conditions for which they match. The term-
by-term comparison shows special features: one is a
need to ﬁx phases, and the second is the freedom in the
choice of the projection operator, all of which teaches
how to match the two formalisms.
As it turns out, the Lagrangian ﬁtting of the projection
operator and the phases, done for the W-lepton term in
(5+1)-d, is enough to show the equivalence of the rest
of the other components, as the kinetic term, and other
vertices.
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Given the formalization level achieved by the spin-
extended model, it is relevant to mention other of its ad-
vantages, as compared with other extensions. In particu-
lar, the chiral property of the model’s fermion represen-
tations contrasts with the diﬃculty to reproduce it in tra-
ditional extensions as the Kaluza-Klein theory. More-
over, while a grand-uniﬁed group limits the representa-
tions among which particles are chosen, in our case, the
representations are determined by the chosen dimension
and projection operator over the space. In fact, the spe-
ciﬁc combinations (spin-1/2)-fundamental and vector-
adjoint are derived, matching the Lorentz scalar groups
representations, respectively; graphically, vectors and
scalars group elements occupy the same places in the
array of extended space of spin), as shown in Fig 1.
The question about what sets the dimension of this
extension to derive groups and representations of the
standard model, equally applies to strings, as there is an
inﬁnite number of possible groups that contain the stan-
dard model. The answer for both extensions depends
on whether low dimension numbers give relevant infor-
mation, and on predictability, as in our case, in which
derived features such as chiral SUL(2) representations.
Although the extensions of the standard model pro-
vide additional information about it, many mysteries
remain unsolved. With its bottom-up approach, this
model reduces the possibilities of groups and represen-
tations to describe the particles and their quantum num-
bers, in contrast, e. g., with those available in string
theory, with its multiplicity of representation and com-
pactﬁcation choices.
The paper’s standard-model extension satisﬁes basic
requirement of correct symmetries, including Lorentz
and gauge ones, description of standard-model particles,
and ﬁeld-theory formulation, in addition to its standard-
model prediction provision (the latter two is what the
paper deals with.) This supports the view that it is an
extension worth considering.
The spin-extended model throws light on some stan-
dard model enigmas. To the extent that this extension
can be translated to the conventional ﬁeld-theory for-
mulation of the standard model, which we show in this
paper is possible, it becomes more relevant.
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